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Abstract. We investigate the spontaneously generated coherence (SGC) in a Doppler broadened four-level
atomic system driven by two coherent fields. We plot the spontaneous emission spectra with different
parameters and discuss how the initial atomic conditions and parameters of both fields change the number
of peaks and dark lines of spontaneous emission spectra. Furthermore, we also show how the spontaneous
emission spectrum is modified by Doppler effects in the viewed direction. Our results have important
references to the experimental observation of SGC in hot atomic vapors.

PACS. 32.80.Qk Coherent control of atomic interactions with photons – 32.50.+d Fluorescence, phospho-
rescence (including quenching) – 42.50.Lc Quantum fluctuations, quantum noise, and quantum jumps

1 Introduction

Spontaneous emission coherence has attracted much at-
tention for many years, which is also referred as sponta-
neously generated coherence (SGC). Spontaneous emis-
sion is probably one of the best known fundamental
processes based on the interaction between radiation and
matter. Phenomena resulting from SGC are closely re-
lated with lasing without inversion [1], transparent high-
index materials [2], high-precision spectroscopy and mag-
netometer [3], quantum information and computing [4],
etc. A lot of theoretical works have been devoted to dis-
cuss these effects, it has been predicted that SGC can lead
to many interesting results, such as a dark line in spon-
taneous emission spectrum, the narrowing down, suppres-
sion or complete cancellation of spontaneous emission, the
enhancement of spontaneous emission, and phase sensitive
spontaneous emission and absorption spectra [5,6]. How-
ever, it is very difficult to demonstrate them experimen-
tally for the rigorous conditions of near degenerate close-
lying levels and non-orthogonal dipole matrix elements.
A feasible scheme is proposed to observe the SGC in a
four-level atomic system [7], where the spontaneous emis-
sion spectra show the interesting SGC phenomena such
as the narrow enhanced peak and fluorescence quenching
point. In this paper, we study further the spontaneous
emission spectra with different initial atomic conditions
and show the fluorescence total quenching with appropri-
ate parameters. Next the effects of initial atomic condi-

a e-mail: liaijun0405@126.com

tions and parameters of both fields on the spontaneous
emission spectra are discussed. Moreover, we also show
how the spontaneous emission spectrum is modified by
Doppler effects in the viewed direction. Spontaneous emis-
sion spectra with and without Doppler shifts is compared
to show the Doppler effects. It is proved that the Doppler
widths play an important role in the experiments of ob-
servation of SGC in hot atomic vapors.

2 Calculation and analysis

The four-level Rb atomic system is depicted in Figure 1a.
One coherent pumping field with frequency ωp and am-
plitude Ep is used to drive the D2 line 5S1/2(F = 1) ↔
5P3/2 transitions. Another coherent coupling field with
frequency ωc and amplitude Ec is used to drive 5P3/2 ↔
5D5/2 transitions. Atoms in level 5P3/2 spontaneously de-
cay to level 5S1/2(F = 2) with rate Γ2. ∆p = ω21−ωp and
∆c = ω32 −ωc are detunings of the pumping and coupling
field, respectively.

With the rotating-wave and electric-dipole approxima-
tions, and the assumption of Planck constant � = 1, the
interaction Hamiltonian for the system under study can
be written as

HI =
∑

k

{gk,24 exp (iδkt) bk |2〉 〈4|} + Ωp exp (i∆pt) |2〉 〈1|

+ Ωc exp (i∆ct) |3〉 〈2| + H.c. (1)
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Fig. 1. (a) Schematic representation of the relevant Rb atomic
energy levels; (b) the atomic energy levels in the partially
dressed state picture; (c) the atomic energy levels in the fully
dressed state picture.

where b+
k and bk are the creation and annihilation oper-

ators for the kth vacuum mode with frequency ωk, re-
spectively; δk = ω24 − ωk is the detuning of the kth vac-
uum mode, gk,24 is the coupling constant between the kth
vacuum mode and the transition between |2〉 and |4〉; Ωp

and Ωc are Rabi frequencies of the pumping and coupling
fields, respectively.

The state vector at time t can be written as

|ΨI (t)〉 = [a1 (t) |1〉 + a2 (t) |2〉 + a3 (t) |3〉] |{0}〉
+

∑

k

a4,k (t) |4〉 |1k〉 (2)

where |{0}〉 denotes the vacuum mode of the radiation
field. The evolution of the state vector obeys the well-
known Schrödinger equation

d

dt
|ΨI (t)〉 = − i

�
HI (t) |ΨI (t)〉 . (3)

Substituting equation (1) and equation (2) into equa-
tion (3), and using the Weisskopf-Wigner theory [8–10],

we obtain the following equations for the probability am-
plitudes

ȧ1 (t) = −iΩp exp(−i∆pt)a2 (t) (4a)

ȧ2 (t) = −iΩp exp (i∆pt) a1 (t) − Γ2

2
a2 (t)

− iΩc exp (−i∆ct) a3 (t) (4b)
ȧ3 (t) = −iΩc exp (i∆ct) a2 (t) (4c)

ȧ4,k (t) = −igk,24 exp (−iδkt) a2 (t). (4d)

Here Γ2 = 2 |	µ24|2 ω3
24/3πε0�c3 is the population decay

rate of level |2〉, and 	µ24 is the matrix element of the dipole
moment of the transition between level |2〉 and level |4〉.

The spontaneous emission spectrum is the Fourier
transform of 〈E−(t + τ)E+(t)〉t→∞, and can be written

as S (δk) = Γ0 |a4,k (t → ∞)|2
/

2π |gk,24|2 for the emission
from level |2〉 to level |4〉 [11]. We use the Laplace trans-
form method [12] and the final value theorem to obtain
the spontaneous emission spectrum as following

see equation (5) above

where a1(0), a2(0), a3(0), a4(0) are number of the initial
atoms populated in levels |1〉, |2〉, |3〉, |4〉, respectively.

In a Doppler broadened system, the detunings of both
fields can be written as ∆′

p = ∆p + kpυy, ∆′
c = ∆c + kcυy,

δ′k = δk + κp (υx sin (θ) + υy cos (θ)), respectively. If the
coherent driving field and pumping field propagate along
the y-axis, and the fluorescence is collected in the direction
having an angle θ with the y-axis on the x-y plane, then
the spontaneous emission spectrum can be described by

see equation (6) above

where N(υx, υy) = (N0/2πu2)e−(υ2
x+υ2

y)/2u2
(u is the

room-mean-square atomic velocity and N0 is the total
atomic number density) is the Maxwellian velocity distri-
bution on the x-y plane in a Doppler-broadened system,
and the Gaussian line width is D = 2

√
ln 2ku. We set

N0 = 500×1012, λp = 780 nm, λc = 776 nm, Γ2 = 3 MHz
and u = 237 m/s for room-temperature in the calculation.

In order to show further the SGC effect in this atomic
system, we derive the equations in the partially dressed
state picture of the coupling field ωc, where levels |2〉 and
|3〉 can be replaced by two levels |+〉 and |−〉 (see Fig. 1b),
whose probability amplitudes are given by

a+ = (cos θ)a2 + (sin θ)a3 (7a)
a− = (sin θ)a2 − (cos θ)a3 (7b)
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with tan θ = ω+/Ωc and ω± = (∆c±
√

∆2
c + 4Ω2

c )/2 being
eigenfrequencies of levels |+〉 and |−〉. With equations (7),
we can replace equations (4) by

ȧ1(t) = −i(Ω+1a+ + Ω−1a−) (8a)
ȧ+(t) = −iΩ+1a1 − (Γ+/2 + i∆+)a+ − (Γ+−/2)a−

(8b)

ȧ−(t) = −iΩ−1a1−(Γ−/2 + i∆−)]a− − (Γ+−/2)a+

(8c)

ȧ4,k(t) = −i(∆ − δk)a4,k − i(gk+a+ + gk−a−) (8d)

where ∆+ = ∆p + Ωc sin 2θ + ∆c sin2 θ, ∆− = ∆p −
Ωc sin 2θ + ∆c cos2 θ, Γ+ = Γ2 cos2 θ, Γ− = Γ2 sin2 θ,
Γ+− = (Γ2/2 − i∆c) sin 2θ − 2iΩc cos 2θ, Ω+1 = Ωp cos θ,
Ω−1 = Ωp sin θ, gk+ = gk,24 cos θ, gk− = gk,24 sin θ. From
equations (8b) and (8c), we can see that there exists quan-
tum interference between the two spontaneous emission
channels |+〉 → |4〉 and |−〉 → |4〉 because a+ (t) and
a− (t) are driven mutually by Γ+−.

In order to have a non-vanishing steady-state popula-
tion in levels |1〉, |+〉, and |−〉, we find from equations (8)
that the following equation should be fulfilled:

Ω2
+1(Γ−/2 + i∆−) + Ω2

−1(Γ+/2 + i∆+) = Ω+1Ω−1Γ+−.
(9)

The real part of equation (9) is always zero, while the van-
ishing of its imaginary part requires ∆p +∆c = 0. That is,
when ∆p+∆c �= 0, all atoms will decay to level |4〉, and we
have the general result of a1(∞) = a−(∞) = a+(∞) = 0.
Conversely, some atoms will be trapped in levels |1〉, |+〉,
and |−〉 if ∆p+∆c = 0. As usual, here we call ∆p+∆c = 0
as coherent population trapping (CPT) condition [13]. We
plot the time evolutions of ρ11, ρ++, and ρ−− for different
parameters that satisfy the CPT condition or not. From
Figure 2a, we can see that when ∆p + ∆c = 0, there are
non-vanishing population distributions for a long time in
levels |1〉, |+〉 and |−〉, which means that some atoms are
trapped in these levels. When ∆p + ∆c �= 0, however,
population distributions in levels |1〉, |+〉 and |−〉 are con-
stantly zero for a long time as shown in Figure 2b.

During the preceding calculation, we neglect the fol-
lowing decays: |3〉 → |2〉, |2〉 → |1〉 and |1〉 → |4〉, which
will bring a small deviation to the decays in the partially
dressed state picture. According to the conclusion in [14],
the decays above have little effect on the result: the de-
cays along the drive transitions |+〉 → |1〉, |−〉 → |1〉
and |1〉 → |4〉 (due to collisions, for example) can make
the SGC effect more pronounced, and the additional de-
cays along the transition |+〉 → |−〉 add population to
the nondecaying state and consequently more population
are trapped in the upper levels. There is no fundamental
change on the SGC phenomena if considering these de-
cays. So we neglect them during the calculation, since we
can expect a clearer analytic solution in this way.

3 Numerical results and discussion

In this section, we show a few spontaneous emission
spectra based on the numerical calculation above. Fig-

Fig. 2. Time evolution of atomic populations in the par-
tially dressed levels |1〉, |+〉 and |−〉 for Ωp = 1.5 MHz,
Ωc = 0.9 MHz, ∆p = 0.0 MHz. (a) ∆c = 0.0 MHz; (b)
∆c = 1.0 MHz.

ures 3a–6a show spontaneous emission spectra with dif-
ferent initial atomic conditions and parameters of both
fields and Figures 3b–6b show corresponding spontaneous
emission spectra with Doppler effects. Figure 7 shows the
difference of the spectra between the co-propagating case
and the counter-propagating case. The viewed angle is
θ = π/4 in Figures 3–7 and Figure 8 shows the effects
of the viewed angle on the spontaneous emission spectra.

In the fully dressed states picture, levels |1〉, |2〉, |3〉
and both fields ωp and ωc can be replaced by three new
states |+〉, |0〉 and |−〉 as shown in Figure 1c. So there will
be three peaks corresponding to the spontaneous emission
from three dressed states to the level |4〉 as shown in Fig-
ures 3a and 4a. Before atoms spontaneously decay to the
final level, they could go through three different pathways
|−〉 → |4〉, |0〉 → |4〉 and |+〉 → |4〉 when they are pumped
into the intermediate level. Different transition pathways
interfere each other and result in the narrow peak or dark
line in the spontaneous emission spectra. These features
are different from the uncoherent spectra, which are the
simple uncoherent overlap of several Gaussian shapelines.
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Fig. 3. Spontaneous emission spectra S (δk) with two dark
lines for ∆c = 0.5 MHz, ∆p = 0.2 MHz, Ωp = 1.5 MHz,
Ωc = 0.9 MHz, and a1(0) = a3(0) = 0, a2(0) = 1. (a) Spectra
for free of Doppler shifts; (b) spectra with Doppler widths D of
0.507 MHz (solid), 5.07 MHz (dashed) and 10.14 MHz (dotted).

When the CPT condition ∆p + ∆c = 0 is fulfilled, part of
the population is confined to the dark state. In this case,
two peaks are expected because the central peak has no
contribution from level |2〉 (transitions from level |1〉 and
level |3〉 to level |4〉 are forbidden), which is supported by
the double peaks spectrum in Figure 5a. Under the CPT
condition, choosing initial atomic conditions properly, all
the atoms are populated in the dark state due to the
strongly spontaneous emission interference. In this case,
the total fluorescence quenching can be found as shown in
Figure 6a.

The number of peaks of spontaneous emission spectra
can be controlled by CPT conditions as discussed above.
In the case of three peaks, the number of dark lines can
be controlled by initial atomic conditions. Two dark lines
appear in spontaneous emission spectra only when the ini-
tial atomic condition a2(0) �= 0, i.e., some atoms must be

Fig. 4. Spontaneous emission spectra S (δk) with one dark
line for ∆c = 0.5 MHz, ∆p = 0.2 MHz, Ωp = 1.5 MHz, Ωc =
0.9 MHz, and a1(0) = 1, a2(0) = a3(0) = 0. (a) Spectra for
free of Doppler shifts; (b) spectra with Doppler widths D of
0.507 MHz (solid), 5.07 MHz (dashed) and 10.14 MHz (dotted).

populated in level |2〉 as shown in Figure 3a. When initial
atoms totally populated in level |1〉 or level |3〉, the spon-
taneous emission coherence can give rise to one dark line
in the spectra as shown in Figure 4a.

We show the effects of Doppler shifts on the sponta-
neous emission spectra in all the cases discussed above in
Figures 3b–6b. Comparing the spectra with and without
Doppler shifts, we find that the SGC phenomena in this
hot atomic system are sensitive to Doppler effects. Large
Doppler shifts will result in weaken quantum interfer-
ence among the following transition pathways: |−〉 → |4〉,
|0〉 → |4〉 and |+〉 → |4〉, then the distinct SGC features,
such as narrow peaks and dark lines, will be blurred with
large Doppler widths. In the case of two dark lines in spon-
taneous emission spectra as shown in Figure 3b, we can
see that the narrow central peak reduces rapidly and both
side peaks also become wider and shorter with increasing
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Fig. 5. Spontaneous emission spectra S (δk)in CPT conditions
for a1(0) = a3(0) = 0, a2(0) = 1, ∆c = −0.2 MHz, ∆p =
0.2 MHz, Ωp = Ωc = 0.9 MHz. (a) Spectra for free of Doppler
shifts; (b) spectra with Doppler widths D of 0.507 MHz (solid),
5.07 MHz (dashed) and 10.14 MHz (dotted).

Doppler widths. The narrow central peak and two dark
lines result from SGC disappear and are replaced by one
peak when the Doppler width increased to 10.14 MHz. In
one dark line case as shown in Figure 4b, the dark line
weaken and the narrow central peak becomes wider and
lower with increasing Doppler widths, which are more sen-
sitive than two dark lines. And the spontaneous emission
spectrum becomes a low Gaussian shape peak when the
Doppler widths increase to 10.14 MHz. In Figure 5b, we
can see that a small central peak appears between the
two peaks with increasing Doppler shifts, the reason is
that the increasing Doppler shifts make the parameters
not satisfy the CPT condition anymore. The CPT condi-
tion is destroyed by the increasing Doppler widths and the
spontaneous emission spectra show the same features as
that in Figure 3b with initial atoms populated in level |2〉.
In Figure 6a, we can see the fluorescence total quenching

Fig. 6. Doppler effects on fluorescence quenching of the spec-
tra S (δk) for a1(0) = 0.707, a2(0) = 0, a3(0) = −0.707,
∆c = −0.2 MHz, ∆p = 0.2 MHz, Ωp = Ωc = 0.9 MHz. (a)
The spontaneous emission spectra for free Doppler broaden-
ing; (b) spectra with Doppler widths D of 0.507 MHz (solid),
and 5.07 MHz (dashed).

in the spontaneous emission spectra for free of Doppler
effects. The fluorescence quenching disappears and is re-
placed by a peak as soon as there is any Doppler width as
shown in Figure 6b. All the discussion above is based on
the co-propagation of both coherent and pump fields, the
SGC features in spontaneous emission spectra are more
sensitive to the Doppler widths in the case of counter-
propagation of both fields, which are shown in Figure 7.
Under the same conditions, the central narrow peak in co-
propagation of both fields even disappears in the case of
counter-propagation as shown in Figure 7a.

At last, we show the spontaneous emission spectra with
Doppler width 0.507 MHz in different viewed angles in
Figure 8, from which we can see that the height of the
central peak becomes higher with increasing viewed angle
from 0 to π in general.
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Fig. 7. Doppler effects on spontaneous emission spectra S (δk)
for co-propagation (solid) and counter-propagation (dotted) of
both fields with Doppler width 0.507 MHz, ∆c = 0.5 MHz,
∆p = 0.2 MHz, Ωp = 1.5 MHz, Ωc = 0.9 MHz. (a) a1(0) =
a3(0) = 0, a2(0) = 1; (b) a1(0) = 1, a2(0) = a3(0) = 0.

4 Conclusions

In this paper, we investigate SGC phenomena of the spon-
taneous emission spectra in a Doppler broadened four-
level atomic system. Different spectra lineshapes are plot
with different initial atomic conditions and CPT condi-
tions. We find that CPT conditions determine the peaks
number of the spontaneous emission spectra and initial
atomic conditions determine the dark lines number of the
spontaneous emission spectra. Further more, a completed
survey of Doppler effects on the spontaneous emission
spectra is given with different parameters. In the case of
three peaks, the distinct SGC features such as dark line
and narrow peak are destroyed gradually by increasing
Doppler widths. In CPT conditions, including the case
of double peaks and totally fluorescence quenching, the
spontaneous emission spectra are more sensitive to the

Fig. 8. Spontaneous emission spectra S (δk) with Doppler
width 0.507 MHz in different viewed angle for∆c = 0.5 MHz,
∆p = 0.2 MHz, Ωp = 1.5 MHz, Ωc = 0.9 MHz and a1(0) = 1,
a2(0) = a3(0) = 0. (a) The dashed line stands for θ = π/4,
the solid line stands for θ = 3π/4, and dotted line stands for
θ = 7π/8; (b) the height of the central peak at δk = −0.25 MHz
with different viewed angles.

Doppler widths, and the totally fluorescence quenching
disappear even with small Doppler widths. The sponta-
neous emission spectra are more significantly modified by
the Doppler widths in the counter-propagation of both
coherent and pump fields than that in the co-propagation
case. Comparing the spontaneous emission spectra with
and without Doppler shifts, we find that the spontaneous
emission spectra are sensitive to the Doppler broadening,
and some of the relevant SGC features are preserved only
when the Doppler width is small. Since experiments in
nonlinear optics and spectroscopy are often performed in
atomic vapors, where the linewidths of the transitions are
dominated by Doppler broadening, and few work is de-
voted to discussing Doppler effects on the spontaneous
emission spectra before. Our results provide valuable ref-
erence for carrying the experiments for observation of SGC
in atomic vapors.
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